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Mimicking the Hadamard discrete-time quantum walk with
a time-independent Hamiltonian
J. Khatibi Moqadam · M. C. de Oliveira ·
Abstract The discrete-time quantum walk dynamics can be generated by a time-
dependent Hamiltonian, repeatedly switching between the coin and the shift gener-
ators. We change the model and consider the case where the Hamiltonian is time-
independent, including both the coin and the shift terms in all times. The eigen-
values and the related Bloch vectors for the time-independent Hamiltonian are then
compared with the corresponding quantities for the effective Hamiltonian generat-
ing the quantum walk dynamics. Restricted to the non-localized initial quantum walk
states, we optimize the parameters in the time-independent Hamiltonian such that
it generates a dynamics similar to the Hadamard quantum walk. We find that the
dynamics of the walker probability distribution and the corresponding standard de-
viation, the coin-walker entanglement, and the quantum-to-classical transition of the
discrete-time quantum walk model can be approximately generated by the optimized
time-independent Hamiltonian. We, further, show both dynamics are equivalent in
the classical regime, as expected.
1 Introduction
Quantum walks, the quantum generalizations of classical random walks [1] have at-
tracted growing attentions due to their applications in quantum information process-
ing and quantum simulation. The discrete-time quantum walk (DTQW) is a well-
known model for quantizing random walks which has extensively been studied [2].
Besides being useful for designing efficient quantum search algorithms [1], the model
is also universal for quantum computation [3]. The DTQW model was used for quan-
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tum simulation of the dynamics of a charged particle in the presence of external
electric fields [4,5] and the topological phases of matter [6,7,8,9,10,11].
Quantum walks, moreover, were employed in the area of quantum foundations,
in particular, in the derivation of quantum field theories, for example, the Weyl and
the Dirac fields. In that context, quantum walks are considered as a special class of
the more general model quantum cellular automaton [12,13]. In fact, the large scale
approximation of the automaton dynamics over Cayley graphs of Abelian groups is
considered. The quantum fields emerge by imposing some general requirements such
as unitarity, locality, homogeneity and isotropy on the dynamics, and in the limit of
small wave vectors [14,15]. The general solution for the quantum fields is obtained
in the position space by using a discrete version of the Feynman’s path integral [16],
summing over all the paths joining the desired nodes [17,18,19]. Quantum cellular
automata are also versatile tools for investigating interacting multi-particle quantum
walks in which the interactions are nonlinear in terms of the field [20].
The spin-dependent dynamics of a spin-1/2 particle on a one-dimensional (1D)
array, can generate the 1D DTQW dynamics. At each time step, the spin of the parti-
cle is evolved to a superposition of eigenstates, by applying the coin operator e−iθσx
rotating the spin state about the x axis (σx is the x-Pauli matrix and ~ = 1) [21].
The particle is then translated conditioned on the state of the spin, using the shift op-
erator e−ix0σzp, where p is the momentum operator, σz is the z-Pauli matrix and x0
is the distance between the array’s sites [22]. By repeating the application of those
operators, the particle goes to an increasing superposition of the array sites. The corre-
sponding probability amplitudes on different sites interfere making the particle spread
ballistically. The Hamiltonian that generates the DTQW dynamics is time-dependent
(piece-wise constant), since it should be switched between the coin and the shift
Hamiltonians, to generate the coin and the shift operators, respectively. To be clear,
suppose the spin-rotation Hamiltonian is given by HC = θσx and the spin-dependent
translation Hamiltonian is described by HS = x0σzp. To realize the dynamics, dur-
ing the time at which the spin is rotated, the spin degree of freedom is decoupled from
the translational degree of freedom. Having rotated the isolated spin, the spin-rotation
generator is switched off and the spin-dependent translation generator is turned on.
Besides using cellular automata for deriving the Dirac equation [14,15,23], it
was also shown that the DTQW in the continuum limit becomes equivalent to the
1D Dirac equation [24,25]. Following the latter approach, the DTQW evolution is
parameterized by setting θ = mx0, x = nx0 (n∈Z labels the array sites) and t = lx0
(l is the number of step), and then the distance between the array’s sites is let to go to
zero. At step l of the walk, as x0→ 0 and the other parameters remaining finite, the
DTQW evolution operator U l =
[
e−ix0σzpe−imx0σx
]t/x0 becomes e−it[σzp+mσx],
where the Trotter’s formula is used [26,27]. By letting p = −i∂x and considering m
as the mass, the Dirac equation is obtained.
The main idea of this paper is to provide foundational insights into the DTQW
model by analyzing the consequences of dismissing the time-dependency in the Hamil-
tonian that generates the quantum walk dynamics. We replace the piecewise-constant
Hamiltonian corresponding to the DTQW dynamics with a constant Hamiltonian. In
fact, we consider the spin rotation and the spin-dependent translation generators al-
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ways switched on to generate a simultaneous dynamics of both terms, namely the
SCS evolution USCS = e−ix0σzp−iθσx . Such a dynamics is associated with the con-
tinuous evolution of a spin-particle whose spatial dynamics is coupled to its spin
degree of freedom and the spin is also continuously derived. However, we impose
no restriction on the wave vectors nor on the distance between the array’s sites, the
conditions that were used to derive the Dirac equation.
For the given DTQW evolution e−il0σzpe−i(pi/4)σx , where θ = pi/4 associated
with the Hadamard coin operator, we optimize the parameter (u1, u2) such that the
SCS evolution e−iu1σzp−iu2σx generates a dynamics as close as possible to the evolu-
tion of the Hadamard walk. Note that, either of the evolutions corresponds to a single
time step of the related dynamics, hence, they can be compared at any time step and
there is no difference in terms of the time scale between the two dynamics. We opti-
mize the parameters such that the stroboscopic evolution of the SCS evolution, at a
given period τ , approximately generates the Hadamard DTQW behavior. For either
of the DTQW and the SCS dynamics, a walker probability distribution can be calcu-
lated, by tracing out the state of the spin. The optimized parameters are obtained by
minimizing the distance between those probability distributions, which is quantified
by the Hellinger distance [28]. It should be noted that the Hellinger distance is an
appropriate merit of precision for comparing two probability distributions which was
widely used in quantum information theory, for instance, in studying decoherence
in quantum walks [29,30], quantum tomography [31], characterizing the distance in
quantum states and quantum channels [32,33] and characterizing quantum correla-
tions [34,35,36,37,38]. Although, the focus of the paper is on the Hadamard walk,
the similar approach can be used to analyze the DTQW with any coin whose angle
of rotation is in the pertinent interval θ ∈ [0, pi/2]. Nevertheless, we also show the
behavior of the Hellinger distance in terms of the coin parameter θ.
Many experimental setups have already been proposed to implement the DTQW
model and several implementations have also been reported [39]. In particular, the
DTQW can be simulated in the phase space of a harmonic oscillator which is coupled
to a two-level system (qubit). In this method, the walker is encoded in the coherent
state of the resonator whose dynamics is conditioned on the state of the qubit. Exam-
ples of systems explored in this regard include ion traps [22,40,41], cavity quantum
electrodynamics [42], ensembles of nitrogen-vacancy centers in diamond [43] and
optomechanical systems [44]. Recently, by employing a superconducting microwave
resonator coupled to a transmon qubit (a circuit QED setup), the DTQW was realized
for directly measuring the topological invariants [45,46]. The optimized dynamics
which is considered in this paper is connected with the phase space implementation
of the DTQW model. Using such an approach, we express the parameters (u1, u2)
in terms of some frequencies (physical quantities) in the system. We also briefly de-
scribe the implementation of the SCS evolution in a circuit QED setup.
The paper is organized as follows. After a brief review of the characteristics of the
DTQW operator in Sec. 2, the time-independent Hamiltonian and the corresponding
evolution are explained in Sec. 3. The dynamics of the optimized SCS dynamics
is explored in Sec. 4. In Sec. 5 we analyze the SCS dynamics under the effect of
decoherence. A brief discussion on the physical implementation of the SCS dyanmics
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and a comment on the the simulation of a DTQW with a general coin together with
our conclusions are presented in Sec. 6.
2 DTQWmodel
To construct the 1D DTQW model consider the dynamics of a spin-1/2 particle with
the spin basis {|s〉; s = 0, 1} which spreads according to its spin state on a 1D array
with the position basis {|n〉;n ∈ Z}. Each step of the walk is realized by applying
two operators. First, each component of the spin state evolves to a superposition of
the spin eigenstates. That can be done by applying the coin operator C(θ) = e−iθσx
which is associated with the rotation operator Rx(2θ) around the x axis by the angle
2θ, where the x-Pauli matrix is given by σx = ( 0 11 0 ), hence
C(θ) =
(
cos θ −i sin θ
−i sin θ cos θ
)
. (1)
Next, the position state of the particle is translated conditioned on the spin state, by
applying the shift operator
S=
∑
n
|n+ 1〉〈n| ⊗ |0〉〈0|+ |n− 1〉〈n| ⊗ |1〉〈1|. (2)
The DTQW evolution operator is, therefore, given by U =S(1 ⊗ C), where 1 is the
identity of the position Hilbert space.
The shift operator defined in the basis {|n〉⊗|s〉} can be expressed in the Fourier
basis which is then become diagonal [1]. Considering the walk on a finite array with
d sites and periodic boundary conditions, namely a cycle, the position Fourier basis
is given by
{
|k˜〉=∑n e−ik˜n |n〉/√d}, where k˜ = 2pik/d and n, k = 0, . . . , d−1.
The effect of the shift operator on the Fourier basis vectors is
S |k˜〉 ⊗ |s〉 = eik˜(−1)s |k˜〉 ⊗ |s〉, (3)
which gives the shift operator in the Fourier basis
S =
∑
k
(
|k˜〉〈k˜| ⊗ |0〉〈0|eik˜ + |k˜〉〈k˜| ⊗ |1〉〈1|e−ik˜
)
=
∑
k
|k˜〉〈k˜| ⊗ eik˜σz , (4)
where the z-Pauli matrix is given by σz =
(
1 0
0 −1
)
(see Appendix A).
The quantum walk evolution operator in the Fourier basis is then appears as
U =
∑
k
|k˜〉〈k˜| ⊗ eik˜σze−iθσx . (5)
The spin part of the evolution operator in Eq. (5) that acts on the spin Hilbert space
can be written as a general rotation
eik˜σze−iθσx = e−iθ(k˜)dθ(k˜).σ, (6)
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in which cos θ(k˜) = cos θ cos(k˜), and
dθ(k˜) =
[
sin θ cos(k˜)
sin θ(k˜)
,− sin θ sin(k˜)
sin θ(k˜)
,−cos θ sin(k˜)
sin θ(k˜)
]
, (7)
where σ = (σx, σy, σz) and σy =
(
0 −i
i 0
)
is the y-Pauli matrix (see Appendix B).
The eigenvalues of U are given by eiθ(k˜) and the eigenvectors take the form |k˜〉〈k˜|⊗
|±dθ(k˜)〉, where |±dθ(k˜)〉 are the spin eigenstates in the direction of dθ(k˜) in the
Bloch sphere.
The evolution operator (5) can be generated by an effective Hamiltonian in a unit
time step, namely U = e−iHeff , which is given by [6,7]
Heff =
∑
k
|k˜〉〈k˜| ⊗ θ(k˜)dθ(k˜).σ, (8)
where k˜ and θ(k˜) can be associated with the quasi momentums and quasi energies
of the system. Figure 1 (a) shows the eigenvalues θ(k˜) in terms of k, for θ=pi/4 and
d=31. The Bloch vectors dθ(k˜) lie on the plane perpendicular to (0, cos θ,− sin θ)
and pass through the origin. Figure 1 (b) shows the tip of the Bloch vectors on the
intersection of that plane and the Bloch sphere. When k spans its corresponding in-
terval (0, . . . , d−1), dθ(k) winds around the origin defining the topological invariant
(winding number) of the walk, which is 1 in this case.
Note that, the stroboscopic evolution of the quantum walk at unit time steps ef-
fectively behaves as it was described by the time-independent Hamiltonian (8). How-
ever, to physically achieve such evolution, as described in the next section, indeed a
time-dependent Hamiltonian is required.
3 Time-independent Hamiltonian
Associated with the shift operator S in Eq. (4), we can define the shift Hamiltonian
HS = −
∑
k
|k˜〉〈k˜| ⊗ k˜σz, (9)
that generates the dynamics in a unit time step, S=e−iHs . In the same way, the coin
Hamiltonian can be defined as
HC = θσx, (10)
that generates the coin operator in a unit time step. Thus, if the Hamiltonian that
describes the spin-1/2 particle on a 1D array alternates between 1⊗HC and HS the
DTQW dynamics is generated. Such Hamiltonian is in fact time-dependent which is
associated with the effective Hamiltonian (8).
In this paper, however, we are interested in the dynamics of the system that is
described by
HSCS = HS + 1⊗HC, (11)
in which both the coin and the shift Hamiltonians are applied simultaneously, hence,
we call it simultaneous coin and shift (SCS) Hamiltonian. In contrast to the DTQW,
6 J. Khatibi Moqadam et al.
(a)
eig
en
va
lue
s
−2
0
2
k0 30
(b)
−5
0
5
k0 30
(c)
−10
0
10
k0 30
(d)
−1
0
1
−1 0 1
(e)
−1
0
1
−1 0 1
(f)
−1
0
1
−1 0 1
Fig. 1 The eigenvalues and the tip of the corresponding Bloch vectors for the DTQW operator in (a) and
(d) (first column), the SCS operator in (b) and (e) (second column) and the SCS operator with the optimized
angles in (c) and (f) (third column). The Bloch vectors are located on a great circle of the Bloch sphere.
Different colors correspond to positive and negative eigenvalues. For the DTQW and the SCS operator
θ=pi/4, and in all cases d = 31.
the SCS Hamiltonian (11) is time-independent whose time evolution for a unit time
step is given by
USCS = e
−iHSCS
=
∑
k
|k˜〉〈k˜| ⊗ eik˜σz−iθσx . (12)
As before (in a similar way as done in Appendix B), the spin part of the operator that
acts on the spin Hilbert space can be written as
eik˜σz−iθσx = e−i
SCS
θ (k˜)d
SCS
θ (k˜).σ,
where
SCSθ (k˜) = ±
√
k˜2 + θ2,
dSCSθ (k˜) =
[
θ
SCSθ (k˜)
, 0,− k˜
SCSθ (k˜)
]
. (13)
The eigenvalues and eigenvectors of USCS are given by ei
SCS
θ (k˜) and
|k˜〉〈k˜|⊗|±dSCSθ (k˜)〉, respectively, where |±dSCSθ (k˜)〉=cos(β/2)|0〉 ± sin(β/2)|1〉,
in which β is the angle between the positive direction of dSCSθ (k˜) and the z axis and
cos2(β/2) = [1− k˜/SCSθ (k˜)]/2.
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Moreover, the SCS Hamiltonian in Eq. (11) can be written in the form
HSCS =
∑
k
|k˜〉〈k˜| ⊗ SCSθ (k˜)dSCSθ (k˜).σ. (14)
Figure 1 (b) shows the eigenvalues SCSθ (k˜) in terms of k, for θ = pi/4 and d= 31.
The Bloch vectors dSCSθ (k˜), for the SCS Hamiltonian, lie on the xz-plane and pass
through origin. Figure 1 (e) shows the tip of the Bloch vectors on the intersection
of the xz-plane and the Bloch sphere. In contrast to the DTQW, when k spans its
interval, dSCSθ (k˜) does not complete a round on the circle. The winding number is 0,
hence, the SCS and the DTQW effective Hamiltonians belong to different topological
classes.
In the position space, the DTQW evolution operator U = S(1 ⊗ C) transforms
the basis vectors |n〉⊗|s〉 as
U |n〉⊗|0〉=cos θ|n+ 1〉⊗|0〉−i sin θ |n− 1〉⊗|1〉,
U |n〉⊗|1〉=−i sin θ|n+ 1〉⊗|0〉+cos θ|n− 1〉⊗|1〉, (15)
hence, in each column of U there are just two nonzero elements. Figure 2 (a) shows
the absolute square of the elements in columns n=(d+1)/2, s=0, 1 ofU , for θ=pi/4
and d=31.
The effect of the SCS operator on the same basis vectors can be obtained by using
Eq. (12) and noticing that 〈k˜|n〉 = eik˜n/√d
USCS |n〉⊗|s〉 =
∑
n′
[
1
d
∑
k
e−ik˜(n
′−n) |n′〉⊗e−iSCSθ (k˜)dSCSθ (k˜).σ|s〉
]
, (16)
which implies that the elements of the SCS operator are all nonzero, in general (note
that we have used the Fourier basis to write the expansion, but, anyway, the result
is in terms of the basis vectors |n〉⊗|s〉). Numerical simulations with θ=pi/4 show
that the dominant elements of the SCS operator are located around the diagonal of
the operator. Figure 2 (b) shows the absolute square of the elements in columns n=
(d+1)/2, s = 0, 1 of USCS, for θ = pi/4 and d = 31. Numerical simulations (not
presented here) show that changing d slightly modifies the absolute square of the
elements, but, the general pattern mainly remains similar to the figure. According to
Figure 2 (b), the effect of the SCS operator, with θ=pi/4, on the basis vectors |n〉⊗
|s〉, is approximately similar to the effect of the shift operator; after the application
of SCS operator on the system at the state |n〉⊗ |s〉, the system goes to the state
|n+ (−1)s〉⊗|s〉, with high probability.
We have defined the SCS operator in Eq. (12), by considering the evolution of
the time-independent Hamiltonian (11) at a unite time step. In fact, the time step
can be set arbitrarily to τ , hence k˜ and θ in Eq. (12) can be replaced by gτ and
ωτ , respectively, where g and ω are some frequencies. Therefore, the SCS operator
can be controlled using two parameters, in contrast to the DTQW operator which is
determined by just one parameter, namely the coin rotation angle.
However, before more exploring the SCS dynamics in the next section, further
justifications of the SCS Hamiltonian is presented at this point. In fact, we replaced
8 J. Khatibi Moqadam et al.
column 16,1
column 16,0
17,016,116,015,1
(a)
|U
(n
,s ;
 16
,s)
|2
0
1
15,0 17,117,016,116,015,1
column 16,1
column 16,0
(b)
|U
SC
S(n
,s ;
 16
,s)
|2
0
1
column 16,1
column 16,0
15,0 17,117,016,116,015,1
(c)
|U
SC
S
 op
tim
(n
,s ;
 16
,s)
|2
0
1
n,s
Fig. 2 The absolute square of the elements in the column n=(d+1)/2, s=0, 1 of the DTQW operator
in (a), the SCS operator in (b) and the SCS operator with optimized angles in (c). The pattern is similar for
all columns n, s. For the DTQW and the SCS operator θ=pi/4, and in all cases d = 31.
the piecewise-constant Hamiltonian that generates the DTQW dynamics with a con-
stant Hamiltonian. The standard approach to such a situation is to use decomposition
relations [26,27]. However, decomposition formulas are accurate only for sufficiently
small parameters of the system, which are not corresponding to a general DTQW evo-
lution. According to the Trotter’s formula [26,27]
lim
n→∞
[
e−i(
1
n )HSe−i(
1
n )1⊗HC
]n
= e−iHS−i1⊗HC , (17)
which implies that quantum walks with very short distances between the array’s sites
and very small angles for the spin rotation, given by the left-hand side of Eq. (17), can
be approximately generated by a constant Hamiltonian. We do not take that direction,
since we demand arbitrary distances between the array’s sites and large angles for the
spin rotations. We could also use the Baker-Campbell-Hausdorff (BCH) Formula [47]
e−iλHSe−iλ1⊗HC = e−iλHS−iλ1⊗HC + [Z(λ)−Z1(λ)], (18)
where λ is a parameter, Z(λ) =
∑∞
n=1 λ
nZn and Z1 = −iλHS − iλ1 ⊗ HC (see
Ref. [47] for calculating the general coefficients Zn). The BCH formula converges
for |λ|(‖HS‖ + ‖1 ⊗ HC‖) < ln(2), where ‖.‖ is the standard operator norm (see
Theorem 5 in Ref. [47]). The convergence condition implies |λ|θ < ln(2) signifying
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that the BCH formula does not converges for the Hadamard DTQW, for which we
need |λ|θ = pi/4. Therefore, adding higher order terms to the exponent in the right-
hand side of Eq. (18) does not improve its accuracy. In this way, we resort to work
with the minimum Hamiltonian, namely the time-independent Hamiltonian HS +
1⊗HC, and pick the Hadamard coin as the most interesting coin for which the BCH
formula diverges. Nevertheless, we show that even with the first order approximation,
many features of the original dynamics can be recovered.
4 SCS dynamics
We explore the SCS dynamics referring to the realization of the DTQW in the phase
space, which is briefly explained here [42]. In that realization, the walker is encoded
on the coherent state of a harmonic oscillator. The shift operator is generated by
the interaction of the resonator with a qubit in the form ga†aσz , where a† (a) is
the resonator creation (annihilation) operator and g is the qubit-resonator coupling
strength. The coin operator can be realized by the Hamiltonian ωσx in which ω is a
frequency. Suppose the initial state of the system is given by
|ψ0〉 = |α〉|s〉, (19)
where |α〉 = e−|α|2/2∑m αm|m〉/√m! is the coherent state of resonator and |s〉
is the state of qubit. The basis {|m〉;m = 0, 1, . . . } comprises the number states
spanning the Fock space. By setting ωτC=θ, for a time period τC, the coin operator
C(θ) is generated. To obtain the system dynamics, the infinite dimensional Fock
space is truncated and just the first d eigenstates, namely the number states with fewer
than d photons, are kept. By setting gτS = 2pi/d, for a time period τS, the coherent
state is rotated conditioned on the qubit state
ei(2pi/d)a
†aσz |α〉|s〉 = |αe(−1)si(2pi/d)〉|s〉,
where a†a|m〉=m|m〉 is used. Note that the operator ei(2pi/d)a†aσz , represented in
the number state basis, is diagonal having exactly the same form as the shift oper-
ator, given in Eq. (4). The “array sites” in the phase space are given by the basis{
|ϕn=2pin/d〉 =
∑
m e
iϕnm |m〉/√d
}
where n,m = 0, . . . , d − 1 and the basis
vectors span the truncated phase space.
The DTQW dynamics is generated by preparing the system in the state (19) and
applying the DTQW operator with a fixed coin, repeatedly. After l times applica-
tion, the state of the system is obtained by using |ψl〉 = U l|ψ0〉, and the probability
distribution of the walker in the phase space basis is given by
Pl(ϕn) =
∣∣∣∣(〈ϕn|〈0|)|ψl〉∣∣∣∣2 + ∣∣∣∣(〈ϕn|〈1|)|ψl〉∣∣∣∣2. (20)
For the SCS operator
USCS(ωτ, gτ) = e
igτa†aσz−iωτσx , (21)
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we fix the pair of angles (ωτ, gτ), and apply it l times on the initial state (19). That
leads to the final state |ψSCSl 〉=U lSCS|ψ0〉 with the phase space probability distribu-
tion P SCSl (ϕn), which is obtained by replacing U
l with U lSCS in Eq. (20).
In the followings, we fix the coin to the Hadamard-like operator
C(pi/4) = e−i(pi/4)σx
=
1√
2
(
1 −i
−i 1
)
,
for the DTQW evolution, set the initial state of the qubit in Eq. (19) to the ground
state (s = 0) and then find the pair of angles (ωτ, gτ) such that the SCS operator
generates similar phase probability distribution as the Hadamard walk generates. In
fact, we minimize the difference between the probability distributions corresponding
to the DTQW and the SCS dynamics, in a given number of steps. The difference
between the two probability distributions can be measured by the Hellinger distance,
which is given by [28]
DH(Pl, P
SCS
l ) =
1√
2
∥∥∥∥√Pl −√P SCSl ∥∥∥∥
2
, (22)
where ‖.‖2 is the Euclidean vector norm. The angles are the solution of the optimiza-
tion problem
min
(ωτ,gτ)
1
l0
l0∑
l=1
DH(Pl, P
SCS
l ), (23)
where the optimization is carried over l0 time steps.
The optimized angles are obtained as ωτ≈ (15.9462)pi/4 and gτ≈ (1.3650)2pi/d,
for d= 31 and l0 = 50, which minimize the difference between the probability dis-
tributions for the Hadamard DTQW and the SCS dynamics. The effects of the op-
timization process on the SCS spectrum and the corresponding Bloch vectors can
be viewed in Fig. 1 (c) and (f), respectively. Comparing with the SCS operator with
non-optimized parameters given in Fig. 1 (b) and (e), the spectrum becomes more
flat and transforms into two approximately straight lines with small slops, and the
distance between the positive and the negative eigenvalues increases. Moreover, the
tip of the Bloch vectors are pushed toward the points (±1, 0, 0) on the Bloch sphere.
Such modifications correspond to the increase in the angle ωτ = θ after the opti-
mization. Note that, in the case θ→∞, by using Eq. (13) we find εSCSθ (k˜)→±θ and
dSCSθ (k˜)→(±1, 0, 0).
Figure 2 (c) shows the absolute square of the elements in columns n = (d+
1)/2, s = 0, 1 of the optimized SCS operator, denoted by UoptimSCS , for d = 31. It
can be seen that the dominant elements are distributed around the diagonal. Having
applied UoptimSCS on the system at the state |n〉|s〉, the highest probable final states
|n′〉|s〉, with n′ 6=n, are |n± 1〉|0〉 and |n± 1〉|1〉. Therefore, UoptimSCS delocalizes the
initial localized state of the system, similar to the DTQW operator as given in Eq.
(15). Of course, when UoptimSCS is applied there is a high probability that the system
stays in its current state and also there is a low probability that the system goes to
the sites beyond the first neighbors in the position space. Numerical simulations (not
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(a) DTQW
optimized SCS
P l 
, P
lSC
S
0
0.1
0.2
φn [radian]
0 2 4 6
Fig. 3 The phase probability distributions for the DTQW dynamics with the Hadamard-like coin
(solid/black line) and the SCS dynamics with the optimized angles (dashed/blue line). The initial coherent
state is taken as |α = 5eipi〉 and the phase space dimension (the number of sites for the walk) is set to
d=31. The initial state of the qubit is set to the ground state.
presented here) show that changing d slightly modifies the absolute square of the
elements, but, the general pattern mainly remains similar to the figure.
Figure 3 shows the walker probability distributions at step l=12 for the DTQW
dynamics with the Hadamard coin, and the SCS operators with the optimized angles
as described above. Before crossing the boundaries at ϕ=0, 2pi, the phase probability
distribution corresponding to either of the DTQW and the optimized SCS dynamics
comprises two major peaks moving in opposite directions. Figure 3 shows the situa-
tion just for one step.
Although qualitatively similar in terms of the peaks, the two plots in Fig. 3 are
different regarding the intermediate interference pattern that appears for the DTQW
dynamics and it is suppressed for the optimized SCS evolution. The smoothness in
the optimized SCS plot corresponds to the initialization of the dynamics with the
non-localized coherent state which is a Gaussian distribution spreading over several
phase eigenstates. A localized initial state, i.e., a single phase eigenstate, generates an
interference pattern, in the the case of optimized SCS dynamics. The localized initial
states are not considered in this paper.
After crossing the boundaries, the two peaks of either probability distributions
meet and interfere. Figure 4 (a) shows the Hellinger distance between the DTQW
and optimized SCS probability distributions for 100 steps. Although optimized for
the first 50 steps, the Hellinger distance does not increase in the next 50 steps. Note
that the Hellinger distance between the plots in Fig. 3 is about 23%, and the maximum
distance in Fig. 4 (a) is about 26%.
It should be mentioned that the phase probability distribution for the SCS operator
with non-optimized parameters (not shown here) consists of a single peak which is
just translated in each step of the dynamics. As we described earlier in this section,
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Fig. 4 The Hellinger distance between the phase probability distributions for the DTQW dynamics with
the Hadamard-like coin and the SCS dynamics with the optimized angles in (a), and the corresponding
standard deviations and the coin-walker entanglements in (b) and (c), respectively. The initial coherent
state is taken as |α=5eipi〉 and the phase space dimension is set to d=31. The initial state of the qubit is
set to the ground state.
such situation was expected, since the effect of the non-optimized SCS operator is
approximately similar to the effect of the shift operator.
Having tuned the SCS operator such that it generates a phase probability distri-
bution similar to the DTQW dynamics, we compare, in the following, the dynamics
of the corresponding standard deviations and the coin-walker entanglements.
The standard deviation of the DTQW dynamics increases linearly in terms of time
steps. We observe the same linear growth for the optimized SCS dynamics. Figure 4
(b) shows the standard deviations related to the DTQW and the optimized SCS prob-
ability distributions. The oscillatory behavior of the standard deviations correspond
to the walk on the circle—an array with periodic boundary conditions.
To quantify the entanglement between the coin and the walker, we use the nega-
tivity measure [48]
N(%l) =
‖%TWl ‖1 − 1
2
, (24)
where %l = |ψl〉〈ψl| is the density operator of the quantum walk at step l, %TWl is
the partial transpose of the density operator with respect to the walker and ‖.‖1 is the
trace norm. For the optimized SCS dynamics, the negativity can be obtained by using
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Fig. 5 The walker phase probability distributions at step l = 12, for different dephasing time Td specified
in terms of the time step τ , for the DTQW dynamics in (a) and the optimized SCS dynamics in (b). The
dynamics is generated under the effect of the dephasing channel modeled in Eq. (26). The initial state for
either dynamics is taken as |α=5eipi〉|0〉 and the phase space dimension is set to d=31.
the density operator %SCSl = |ψSCSl 〉〈ψSCSl |. Figure 4 (c) shows the negativity for the
DTQW and the optimized SCS dynamics in 100 steps. It can be seen that the entan-
glement generated for the optimized SCS dynamics is smoother, being approximately
equal to the envelope of the entanglement plot for the DTQW dynamics.
Figure 4 (b) and (c), therefore, show that the optimized SCS dynamics has two
important features of the DTQW; the ballistic spread of the walker probability dis-
tribution which is manifested in the linear behavior of the corresponding standard
deviation, and the similar behavior of the coin-walker entanglement.
5 Decoherece in the SCS dynamics
The DTQW dynamics, under the effects of decoherence on the quantum coin, shows
a quantum-to-classical transition in which the probability distribution spreads diffu-
sively, hence, the corresponding standard deviation evolves with the square root of
time steps. We simulate the effect of the dephasing channel [21] on the coin for the
optimized SCS operator and observe similar behavior.
Under the effect of decoherence, the walk dynamics is not unitary and can be
described by [49]
%l =
∑
j
KjU%l−1U†K
†
j , (25)
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where %l is the quantum walk density operator, Kj are the Kraus operators modeling
the quantum noise and U is the DTQW operator. Similarly, the effect of the channel
on the optimized SCS dynamics is obtained by replacing %l and U in Eq. (25) with
%SCSl and U
SCS, respectively. The effect of the phase damping channel on the coin
can be modeled by the Kraus operators Kj = 1 ⊗ Ej (j = 0, 1), in which 1 is the
walker space identity and [21]
E0 =
(
1 0
0
√
1− λ
)
, E1 =
(
0 0
0
√
λ
)
, (26)
where λ quantifies the strength of the channel and can be written as λ = 1− e−lτ/Td ,
in terms of the dephasing time Td. The system dynamics can be obtained by solving
Eq. (25) using the initial state (19).
Figure 5 (a) shows the phase probability distribution for the DTQW, at step l=12,
for different values of the dephasing time Td. At that time step, in the case Td→∞,
the walker probability distribution forms two peaks which are separated by an an-
gular distance of about pi radian. However, by decreasing Td the walker probability
distribution gradually changes to a Gaussian distribution. The corresponding dynam-
ics of the standard deviation (not shown here) also gradually changes from linear to
square root dependency on time steps. Figure 5 (b) shows the case for the optimized
SCS evolution subjected to the coin dephasing channel. Similar quantum-to-classical
transition can be observed for the optimized SCS dynamics, when dephasing time
decreases.
Figure 6 shows the Hellinger distance between the phase probability distributions
related to the DTQW and the optimized SCS dynamics, for 600 time steps, and for
different dephasing times. It can be seen that after sufficiently large time steps the
Hellinger distance approaches 0, independent of the dephasing times. In fact, after
sufficiently large time steps, the DTQW dynamics, for any finite dephasing time Td,
makes a transition to the classical regime. In that regime, the coin is classical, hence,
the dynamics is a random walk whose limiting probability distribution converges to
the uniform distribution 1/d. It is implied that, then, the limiting probability distri-
bution for to the optimized SCS dynamics also converges to the uniform distribution
1/d. Therefore, in the classical regime there is no difference between the DTQW and
the optimized SCS operators, reflecting the commutativity of the classical operators.
Figure 6 also shows an increase in the Hellinger distance after some time steps
in the beginning, especially, when the dephasing time is smaller than a few tens of τ .
In this case, after some initial time steps, both DTQW and optimized SCS operators
are transformed to classical random walks, but, the resulting random walks are not
quite similar. That corresponds to the difference between the parameters (ωτ, gτ),
relating to the DTQW and the optimized SCS operators. That situation can be more
clear by comparing Figs. 5 (a) and (b), in which after some time steps the probability
distributions, for small dephasing times, transform to Gaussian distributions but with
different spreading speeds.
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Fig. 6 The Hellinger distance between the phase probability distributions for the DTQW dynamics with
the Hadamard-like coin and the SCS dynamics with the optimized angles, for 600 time steps, when either
dynamics is affected by decoherence. The dephasing times are given in terms of the time step τ . The initial
state for either dynamics is taken as |α=5eipi〉|0〉 and the phase space dimension is set to d=31.
6 Final considerations
We analyzed the SCS dynamics which is generated by the time-independent Hamil-
tonian including both the coin and the shift generators in all the times, to simulate the
Hadamard DTQW dynamics. The DTQW is generated by the time-dependent Hamil-
tonian alternating between the coin and the shift terms. Both dynamics comprise the
momentum-dependent rotations of the walker spin. However, their spectrum is dif-
ferent and the corresponding Bloch vectors have different behavior in the Brillouin
zone. The winding number for the DTQW effective Hamiltonian is 1 but for the SCS
Hamiltonian is 0. Moreover, the main effect of the (non-optimized) SCS operator is
just to translate the initial quantum walk state on the array sites.
By minimizing the Hellinger distance between the phase probability distributions,
related to the DTQW and SCS dynamics, over the system frequencies, we made the
SCS dynamics behave approximately similar to the DTQW. The optimized SCS oper-
ator has a more flat spectrum and the corresponding Bloch vectors are pushed toward
the points (±1, 0, 0), comparing with the non-optimized case. Moreover, the opti-
mized SCS operator transforms a single basis vector to a superposition of the basis
vectors.
We compared the dynamics of the standard deviation and the entanglement re-
garding the DTQW and SCS dynamics and found similarities between them. By
using a decoherent coin, we observed that the quantum-to-classical transition also
happens for the SCS dynamics, when the decoherence strength increases. Moreover,
in the classical regime, both DTQW and SCS dynamics show random walk behavior.
The implementation of the SCS dynamics is less challenging than the DTQW,
since the SCS Hamiltonian is time-independent. The SCS Hamiltonian can be real-
ized in a circuit QED composing of a transmission line resonator coupled to a trans-
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mon qubit. The system in the large detuning regime, derived by a microwave field and
in the frame rotating with the drive frequency, can be described by the Hamiltonian
[50]
H =
1
2
[
ωq − ωd + 2
g2qr
∆
(a†a+ 1/2)
]
σz +
gqrε(t)
∆
σx
+ (ωr − ωd)a†a+ ε(t)(a† + a), (27)
where ωq is the qubit transition frequency, ωr is the resonator frequency, gqr is the
qubit-resonator coupling, ωd is the deriving frequency, ∆ = ωq − ωr is detuning
and ε(t) is the drive amplitude (see Appendix C for more details). By setting ωd=
ωq + g
2
qr/∆ the required terms for the SCS Hamiltonian, namely (g
2
qr/∆)a
†aσz and
(gqrε/∆)σx are obtained. The term (ωr − ωd)a†a is just introducing a free rotation
to the coherent state of the resonator, and the unwanted effects of the term ε(a† + a)
can be reduced by decreasing ε.
In this paper, we have analyzed the simulation of the DTQW only with an un-
biased coin, namely the Hadamard walk which is crucial for quantum search algo-
rithms [1] and interesting for quantum simulations [10]. A similar approach, how-
ever, can be applied to simulate a DTQW with an arbitrary coin operator whose angle
of rotation is in the interval θ ∈ [0, pi/2]. The optimization problem (23) has already
been solved by considering the Hellinger distance between the SCS dynamics and the
DTQW evolution with the Hadamard coinC(pi/4). Now, a new optimization problem
can be solved by modifying the Hellinger distance to correspond to the coin operator
C(θ) given by Eq. (1). Figure 7 shows the average Hellinger distanceDH(Pl, P SCSl ),
obtained by averaging the Hellinger distance (22) between the phase probability dis-
tributions corresponding to the DTQW dynamics with the coin operator C(θ) and the
related SCS dynamics with the optimized angles, for different values of θ. As can be
seen in the figure, for θ → 0 the average distances between the two dynamics de-
crease which is consistent with the Trotter’s relation (17). However, for large values
of θ, the two dynamics become different, hence, the difference between them cannot
be decreased arbitrarily, rather it remains bounded in the whole interval [0, pi/2].
As can be inferred from Fig. 2, the dominant elements of the SCS operator are
confined to a diagonal band implying that the SCS operator can be approximated
by a local operator. Considering moreover the unitarity of the operator, an extension
of the present work is to derive the SCS dynamics starting from the quantum cellu-
lar automata model. The applications of the SCS dynamics in quantum information
processing and quantum simulation needs further investigation, which should be ad-
dressed somewhere else.
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Fig. 7 The average Hellinger distance between the phase probability distributions for the DTQW dynamics
with the coin operator C(θ) and the SCS dynamics with the corresponding optimized angles, for θ in the
interval [pi/64, 31pi/64] at pi/64 steps. The initial state for either dynamics is taken as |α=5eipi〉|0〉 and
the phase space dimension is set to d=31.
A Shift operator in the Fourier basis
The action of the Shift operator (2) on the Fourier basis is calculated as
S |k˜〉 ⊗ |s〉 = S 1√
d
∑
n
e−ik˜n|n〉 ⊗ |s〉
=
1√
d
∑
n
e−ik˜nS|n〉 ⊗ |s〉
=
1√
d
∑
n
e−ik˜n|n+ (−1)s〉 ⊗ |s〉
=
1√
d
∑
n′
e−ik˜[n
′−(−1)s]|n′〉 ⊗ |s〉 (A1)
= eik˜(−1)
s 1√
d
∑
n′
e−ik˜n
′ |n′〉 ⊗ |s〉
= eik˜(−1)
s |k˜〉 ⊗ |s〉, (A2)
where in (A1) n is replaced by n′ = n + (−1)s, and Eq. (3) in Sec. 2 is then proved. The shift operator
S is diagonal in the Fourier basis, hence,
S =
∑
k
(
|k˜〉〈k˜| ⊗ |0〉〈0|eik˜ + |k˜〉〈k˜| ⊗ |1〉〈1|e−ik˜
)
=
∑
k
|k˜〉〈k˜| ⊗
(
eik˜|0〉〈0|+ e−ik˜|1〉〈1|
)
=
∑
k
|k˜〉〈k˜| ⊗
(
eik˜ 0
0 e−ik˜
)
=
∑
k
|k˜〉〈k˜| ⊗ eik˜σz , (A3)
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proving Eq. (4) in Sec. 2.
B Bloch vectors
The Bloch vectors in Eq. (7) are obtained by substituting Eq. (1) together with
eik˜σz =
(
eik˜ 0
0 e−ik˜
)
, (B1)
and
e−iθ(k˜)dθ(k˜).σ = cos θ(k˜) 12 − i sin θ(k˜)
(
dz dx − idy
dx + idy −dz
)
, (B2)
in Eq. (6) where dθ(k˜) is supposed to be a unite vector with the components (dx, dy , dz) and 12 is the
identity of the two-dimensional spin Hilbert space. Equation (6) also gives the dispersion relation.
C Circuit QED
The Hamiltonian of the system is given by the Jaynes-cummings model including the terms corresponding
to the two-level atom, the quantized field and the atom-field interaction [50]
HJC =
1
2
ωqσz + ωra
†a+ gqr(a†σ− + aσ+), (C1)
where σ+ (σ−) is the rising (lowering) operator of the atom. To control the state of the qubit (realizing the
spin rotation), the system is irradiated by a microwave field with a frequency close to the qubit’s frequency
Hd = ε(t)(a
†e−iωdt + aeiωdt). (C2)
In the large detuning regime (gqr  ∆ = ωq −ωr), by applying the unitary transformation U =
e(aσ
+−a†σ−)gqr/∆ on the total Hamiltonian and expanding the result up to the second order in g/∆, we
obtain
U(HJC +Hd)U
† ≈ 1
2
(ωq +
g2qr
∆
)σz + (ωr +
g2qr
∆
σz)a
†a+
ε(t)
[
(a† +
gqr
∆
σ+)e−iωdt + (a+
gqr
∆
σ−)eiωdt
]
. (C3)
Switching to the frame rotating at the drive frequency ωd by applying the transformation V = eiωda
†at
leads to Eq. (27) in Sec 6.
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